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‘We propose a novel theory-based approach to the reinforcement learning problem of maximizing profits when
faced with an unknown demand curve. Our method is based on multi-armed bandits, which are a collection of
minimal assumption nonparametric models that balance exploration and exploitation for maximizing rewards
while learning across arms. We leverage the informational externality inherent in price experimentation across
arms (price levels) in two ways: correlation between demands corresponds to closer price levels, and demand
curves are weakly monotonically decreasing. The first information externality is captured by the use of
Gaussian process bandits. We expand on this literature by incorporating the second information externality
(monotonicity) into Gaussian process bandits; we provide both a monotonic version of GP-UCB and GP-
TS. Incorporating these informational externalities limits unnecessary exploration of certain prices and
performs better (characterized by greater profitability or reduced experimentation) than current benchmark
approaches. Additionally, our method can be used in conjunction with methods like partial identification.
Finally, we provide further variants of these algorithms which account for heteroscedasticity in the noise
of the purchase data. Across a wide spectrum of true demand distributions and price sets, our algorithm
demonstrated a significant increase in rewards, most notably for underlying WTP distributions where the
optimal is low (among the set of prices considered). Our algorithm performed consistently, achieving over

95% of the optimal rewards in every simulation setting tested.
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1. Introduction

We propose a new method based on reinforcement learning using multi-armed bandits
(MABS) to efficiently learn an unknown demand curve. Our algorithm is a nonparametric
method based on Gaussian process Thompson sampling that incorporates microeconomic
theory to converge towards optimal pricing and profits with significantly less experimen-
tation than current methods. We use weak restrictions on the monotonicity of demand,
which creates an informational externality between the outcomes of arms in the MAB. Our

method exploits this informational externality to achieve higher profitability with the same
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level of experimentation as extant methods. The learned demand curve is also guaranteed
to satisfy criteria based on economic theory. The proposed method has several other advan-
tages relative to state-of-the-art approaches, and can also be used in a complementary
manner with recent approaches like partial identification (Misra et al. 2019).

In practice, the demand curve is only known in the price range that an established
product is sold, and unknown elsewhere. Pricing mistakes are greatest for new products
that differ most from past products (Huang et al. 2022). Consider the Atlanta Falcons, who
in 2016 announced they would be dramatically slashing concessions to untested prices to
improve brand equity. When asked how they projected the volume of sales to change, the
CEO of the ownership group of the Falcons, Steve Cannon, replied, “It could be a 10 percent
bump, it could be a 30 percent bump, who knows.”! The next season sales volume for food
rose 50%.2 Even with a sophisticated marketing team, there is no perfect substitute for
price experimentation about a particular product. Overall, McKinsey estimates that “30
percent of the thousands of pricing decisions companies make every year fail to deliver the
best price.”® Knowledge of the demand curve is also a primary starting point for managers
to implement pricing, promotion, and distribution strategies.

Firms experiment often to learn demand using trial and error (Furman and Simcoe
2015). Even in categories that are well known, demand can undergo significant changes
over time. To learn demand at different price points, a simple approach is to use a balanced
experiment (also called A/B testing) and randomly allocate consumers across a set of dif-
ferent prices. However, firms across a wide range of industries are reluctant to do much
price experimentation (Ariely 2010), as managers worry that price experimentation can
confuse or alter customers’ expectations for uncertain gains. Managers often do not run
experiments long enough, making detecting effects difficult (Hanssens and Pauwels 2016).
These factors imply that a method which can identify and learn the critical part of the
demand curve efficiently from minimal experimentation can be quite valuable in conse-
quently identifying the optimal price points for products. Pricing differs from advertising,
where many companies are willing to experiment (Pfeffer and Sutton 2006, Sahni and Nair

! https://www.ajc.com /sports/the-economics-the-falcons-new-cheap-stadium-food /8xvH1bAY TewjU2KQoc5HyN/

2 https://www.washingtonpost.com/sports/2019/03 /06 /were-evangelists-this-why-atlanta-falcons-are-selling-hot-
dogs/

3 https://www.mckinsey.com/business-functions/growth-marketing-and-sales /our-insights /using-big-data-to-make-
better-pricing-decisions
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2020, Huang et al. 2018, Simester et al. 2009). The pricing problem is particularly suited to
MABs which simultaneously learn while earning, avoiding the wasteful explorations using
A /B testing. They deal with the classic trade-off between exploitation (current payoff) and
exploration (learning additional information) as the agent tries to maximize their rewards
over some horizon.

The core ideas in this paper expand on canonical bandits by leveraging two distinct but
related sources of informational externalities across arms. First, we know that demand at
closer price points is more likely to be similar compared to demand at more distant price
points. This feature of the pricing problem, which we term an information externality,
implies that knowing the demand at a focal price point helps in learning about demand
not only at that price, but also at other price points. Such learning is more likely to be
greater for prices close to the focal price, and less for prices further away from it. The
second informational externality is the characterization from microeconomic theory that
aggregate demand curves are monotonic. Thus, the quantity demanded at a focal price must
be weakly lower than the demand at all prices lower than the focal price. Incorporating
these related sources of informational externality potentially helps us learn demand more
efficiently and accurately, and forms the focus of this paper. We also explore whether
the two informational externalities are substitutes, or whether they can act together in a
complementary manner to improve performance.

The primary advantage of our method is efficiency in learning to price optimally in a
flexible nonparametric manner when the firm has no prior information about demand. If
a firm is willing to undertake adaptive experimentation to learn demand, but faces a high
cost of experimentation it wishes to minimize, our method helps the firm achieve a higher
profitability than current approaches across a robust range of underlying distributions of
consumer valuation (willingness-to-pay). A second advantage is that the method offers a
guaranteed way to incorporate theoretical knowledge into reinforcement learning problems.
It can be applied to any vertical quality-like attribute, not just prices. More broadly, any
domain-specific restrictions that can be imposed based on prior conceptual knowledge can
be incorporated into this framework. Third, the method provides an estimate of uncer-
tainty, along with point estimates. In fact, the entire posterior distribution can be obtained
to provide a complete characterization of uncertainty around the learned demand curve.

Fourth, there is little to no human judgment required. Unlike most typical RL models,
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hyperparameter tuning is automatic, allowing the bandit to run in real time. Fifth, an
important aspect is that we do not require any knowledge about the market or consumer
characteristics, unlike partial identification approaches like UCB-PI, which requires some
knowledge of a consumer’s segment membership (Misra et al. 2019). Finally, the method
can be used in conjunction with partial identification approaches.

Our method uses nonparametric reinforcement learning (RL) with simultaneous learn-
ing and earning, and is most appropriately situated in the class of other nonparametric
RL models. The Upper Confidence Bound (UCB) and Thompson sampling (TS) form the
underlying set of models that are commonly used for RL. The UCB algorithm (Auer 2002,
Auer et al. 2002) is designed to explore the arms with higher payoffs, but also arms that
have been less explored, with the idea that greater uncertainty implies greater potential
rewards. The TS approach involves a Bayesian updating of the rewards distribution cor-
responding to each of the arms as they are played (Thompson 1933). Arms are chosen
probabilistically, with arms that have a higher mean more likely to be chosen. TS is a
stochastic approach, whereas UCB is deterministic.

Gaussian processes (GP) have been used with both UCB and TS classes of RL algo-
rithms. These first model a GP on the data (arm, rewards) and provide the ability to learn
a more general reward function, as compared to learning about rewards corresponding to
specific arms. A major challenge in using GPs for pricing problems is that we may obtain
non-monotonic demand functions that are not consistent with economic theory. This issue
is exacerbated by the fact that a GP models the entire demand distribution, meaning par-
ticularly noisy data at one price could affect the demand estimation at another. Therefore,
a method that can obtain monotonic demand curves from a GP is highly valuable; however,
specifying monotonicity in a GP is not trivial.

We propose a model that uses critical properties from economic theory to guide the
reinforcement learning process, by enforcing monotonicity on nonparametric bandits. More
generally, this method can be easily adapted to any bandit situation where the underlying
data has a vertical attribute. Our method provides a practical, quick, implementable algo-
rithm with minimal assumptions or human judgment, which outperforms a wide range of
benchmarks. The method is nonparametric, implying it does not depend on a restrictive
(parametrized) model of what a demand curve should look like. We specify monotonicity

by building up a function interpolating its value from the sum of its derivatives at nearby
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points. Our method relies on the crucial foundation that the derivative of a GP is also
a GP. For decreasing functions, the first derivative is always negative at every point. We
leverage the idea that sign restrictions are easy to impose relative to shape restrictions
like monotonicity, and we are able to then impose sign restrictions in a different GP space
(the space of derivative GPs). Thus, we can restrict the first derivative of demand to be
negative, which leads to our method drawing only monotonic demand curves from the GP.

There are two main contributions. To researchers and practitioners, we provide a method
that builds upon Gaussian process bandits to account for economic theory imposing the
general property that demands curves are downward sloping. We specify an algorithm
that efficiently obtains only monotonic, downward-sloping demand curves throughout the
experimentation process. Our approach results in significantly higher profits relative to
state-of-the-art methods in the MAB literature while having a lower variance between
trials. The increase in efficiency means that a larger number of prices can be included in
the consideration set. These are important managerial considerations given the reluctance
to do pricing experiments, as compared to (for example) advertising experiments. More
broadly, in other situations where data has some general known form a priori, our approach
shows how such constraints can be combined with the flexibility of nonparametric bandits
to improve empirical performance.

In simulations across a range of settings, our proposed algorithm outperforms a set
of benchmarks. We found that our algorithm gained higher expected total rewards than
our benchmark algorithms including UCB, TS, GP-UCB, and GP-TS. Averaged across
three main simulation settings, we found that incorporating monotonicity into GP-UCB
and GP-TS consistently increased rewards by 10-26% after 500 consumers and 4-8% after
2500 consumers regardless of the price set granularity. There was, however, massive het-
erogeneity in the results depending on the underlying distribution with the biggest boost
occurring for distributions where the optimal price was low within the price set under
consideration. This is because benchmarks tend to over-explore higher prices as a result
of the increasing scaling factor of the potential reward as the price increases. Meanwhile,
our algorithm leverages monotonicity to limit over-exploration of higher prices, leading to

more consistent results: over 95% of the optimal rewards in every scenario tested.

2. Literature Review

The research here is related to several streams, which we detail below.
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Learning Demand: Most studies in marketing, economics, and operations make strong
assumptions about the information that a firm has regarding product demand. The
strongest assumption used is that the firm can make pricing decisions based on knowing
the demand curve (or WTP) (Oren et al. 1982, Rao and Bass 1985, Tirole 1988). A gener-
alization of this assumption is that firms know the demand only up to a parameter, used in
some of the earlier works on learning demand through price experimentation (Aghion et al.
1991, Rothschild 1974). Typically, in marketing, a consumer utility function is specified in
terms of product characteristics, price, and advertising, and preference parameters are esti-
mated from data (Zhang and Chung 2020, Jindal et al. 2020, Huang et al. 2022). However,
a robust pricing policy must be able to incorporate all possible demand curves, making
a nonparametric approach the gold standard. Nonparametric approaches have been used
to account for state changes between periods, but often require simplifications to ensure
analytical tractability (Bergemann and Schlag 2008, Handel and Misra 2015).

Closely related to our dynamic pricing experimentation setting, nonparametric
approaches in the operations literature have modeled an exploration phase followed by
an exploitation phase (Besbes and Zeevi 2009). While the algorithm in Besbes and Zeevi
(2009) corresponds to a balanced experiment, further refinements to the “learn, then earn”
approach have been made (Cheung et al. 2017, Wang and Hu 2014). For targeted dynamic
pricing and promotions, machine learning methods like hidden Markov models (Zhang
et al. 2014) and reinforcement learning (Liu 2022) have been used. Of particular interest,
Dubé and Misra (2023) is one of the few actual pricing experiments seen in the field.

Multi-armed Bandits: Multi-armed bandit (MAB) methods are an active learning
approach based on Reinforcement Learning and are used across many fields, with busi-
ness applications in advertising (Schwartz et al. 2017), website optimization (Hill et al.
2017, Hauser et al. 2009), recommendation systems (Kawale et al. 2015), and arcade games
(Osband et al. 2016).

Two fundamental bandit algorithms are Upper Confidence Bounds (UCB), based on
Auer et al. (2002) and Thompson sampling (TS), based on Thompson (1933). Notably,
UCB and TS bandits are shown to outperform “learn, then earn” over a fixed number
of trials even when the ex-post optimal exploration time in “learn, then earn” was used
(Ferreira et al. 2018, Misra et al. 2019). However, bandits are more flexible than that, which

is important for practical purposes, as companies may only be able to commit to limited
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experimenting before choosing a fixed price (Cheung et al. 2017). There are several bandit
models based on TS and UCB methods. For example, Urteaga and Wiggins (2022) use a
Bayesian nonparametric Gaussian mixture model to flexibly estimate the reward density
(rather than specify a parametric form) in combination with T'S.

Relevant to our problem of pricing to learn the demand curve, we have some cognate
studies. Bastani et al. (2022) use TS to learn the shared structure across a sequence of
dynamic pricing experiments for related products. One particularly notable contribution
incorporating monotonicity into bandits is the partial identification method (Misra et al.
2019). Partial identification formalizes the notion that the rewards from a specific arm
(price) can be dominated by another arm. Critically, this method relies on the availability
of highly informative segmentation data to obtain demand bounds for the segment. The
demand bounds are then aggregated across all segments to obtain the corresponding aggre-
gated rewards bounds for each price. Dominated prices can then be eliminated if the lower
bound for one price is higher than the upper bound for a different price. In contrast, our
algorithm uses the assumption of a weakly decreasing demand curve at the aggregate level,
and it does not need informative segmentation to leverage the gains from the monotonicity
assumption. As the mechanism is different, it is possible to use partial identification as a
complement to our approach. Overall, one limitation of TS and UCB in pricing is that
they consider rewards to be independent between arms, ignoring the information from the
underlying demand curve.

Gaussian Processes: Gaussian processes (GP) (Williams and Rasmussen 2006) flexibly
model distributions of functions, with one of the main advantages being that they not
only predict means, but also the uncertainties surrounding these estimates. GP bandits
allow for dependencies across arms and were introduced by Srinivas et al. (2009) through
the GP-UCB algorithm, which fits a GP to the data and then picks a test point using a
UCB-like decision rule based on the estimated mean and variance at each test point.*

One difficulty with GP-UCB and related approaches is that performance is dependent
on human judgment for choosing an acquisition function, which balances the trade-off

between exploration and exploitation. The performance of each acquisition function varies

4 Other bandit algorithms have been created to allow for an unknown function correlating arms including Lipschitz
bandits (Bubeck et al. 2011, Kleinberg et al. 2008), Asymptotic Randomized Control bandits (Cohen and Treetan-
thiploet 2021), and Gaussian process bandits (Srinivas et al. 2009, Chowdhury and Gopalan 2017, Ringbeck and
Huchzermeier 2019).
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greatly, dependent on the underlying distribution (Hoffman et al. 2011), which is not
known a priori. An alternative approach is to use GP-TS (Chowdhury and Gopalan 2017),
which combines the GP estimation with TS instead of UCB, or their Improved GP-UCB
algorithm.

Another noteworthy related contribution is by Ringbeck and Huchzermeier (2019), who
model a pricing problem using GP-TS. This paper is closely related to the present one, and
examines the problem of using GPs to learn rewards across arms for pricing. The GP is
modeled here at a demand level, which is important for two reasons. First, it allows them to
model demand-level inventory constraints in a multi-product setting, and second, it allows
for a separation of the learning problem (at demand level) from the rewards optimization
(reward is the product of demand and price).

Our paper builds on this work by incorporating the weakly decreasing nature of demand
curves, by providing a principled way to sample Gaussian process bandits so that only
weakly decreasing estimates are obtained. We provide monotonic variants for both GP-
UCB and GP-TS, and more broadly, our approach provides a way to leverage theory-based

models incorporated into a reinforcement learning algorithm.

3. Overview of MAB Model

The multi-armed bandit model operates by active experimentation through earning while
learning with the objective of obtaining higher cumulative rewards (or equivalently mini-
mize regret). Consumers arrive in sequence, and are presented a price chosen by the MAB
algorithm. The consumer then decides whether to purchase or not, based on whether the
offered price is lesser or greater than their valuation, or willingness to pay (WTP). Con-
sumers are heterogeneous in WTP. The population of consumers thus has a (population
level) distribution of WTP, which corresponds directly with a demand curve.

There are a number of assumptions that are needed for the model. First, consumers
are drawn randomly from a population that has a stable WTP distribution of valuations.
Second, consumers are short-lived, and the overall distribution of price expectations does
not change based on the experimentation. These sets of assumptions are typical to any
field experiment, and necessary for the results of an experiment to be applicable after the

experiment has ended.’

5 This rules out dynamic situations where customers may change over time or customers’ current decisions are greatly
affected by future beliefs. Such situations include strategic consumers (Nair 2007), learning (Erdem and Keane 1996,



Weaver, Kumar & Jain: Nonparametric Bandits Leveraging Informational Externalities

Third, the firm is a single-product monopolist that is seeking to maximize cumulative
profits under uncertainty, where the demand curve is unknown.® Following the literature,
the firm is interested in setting a single optimal price, i.e., it does not price discriminate
and does not have inventory or other considerations (Besbes and Zeevi 2009, Ferreira et al.

2018, Ringbeck and Huchzermeier 2019, Misra et al. 2019).7

3.1. Model Components
The MAB problem applied to pricing has three components: actions, rewards, and a policy.
The first component — actions — refers to the set of prices from which the firm can choose.
Prior to the experiment, the firm selects a finite set of K ordered prices P = {py,...,px}
where p; < py < ... < pg, where prices are scaled so that 0 < p; < 1.8 While this paper does
not explicitly model how to choose the set of prices, the general trade-off is that learning is
easier with fewer prices, but a higher optimal is possible when more prices are considered.
The results section provides general guidelines for how to pick the set of prices. Once P is
chosen, at each time-step t of the experiment, the firm chooses a price p, from P. Here, we
are focused on an environment where the rewards distribution is stationary. Later, we allow
for a non-stationary distribution by modeling time-varying demand in Appendix EC.9.
The second component — rewards — refers to the profits that a firm makes at each
purchase opportunity. The firm faces an unknown true demand D(p), and the true profit
function is given by 7(p) = pD(p). We assume variable costs are zero, although the model
can easily accommodate such costs. The true profit is not observed, and instead the firm
observes noisy realizations of profits corresponding to each price p,. Considering the data
at each price separately, we define ny; to be the number of times that price py (arm k) has
been chosen through time ¢, and s, to be the cumulative number of purchases for an action
k through time t. The sample purchase rate through time ¢ or price py is simply yi; = Z—’Z,
Yu et al. 2016), and stockpiling (Ching and Osborne 2020, Hendel and Nevo 2006). These assumptions are typically
implicit in most field experiments, e.g., in the advertising literature (Hoban and Bucklin 2015, Lambrecht et al. 2018,

Gordon et al. 2019). For example, if strategic consumers seeing a discount believe the company is experimenting and
might discount even more at a later time, then the results would not accurately reflect the treatment effect.

5 This assumption can actually be weakened, as results will hold as long as the algorithm is deployed in a stable
environment where competitors do not change prices strategically in response to real-time changes and firms are not
worried about future competitive entries (Rubel 2013).

" Inventory constraints are necessary when inventory is limited, such as in clothing. When the product is limited, it
may be best to forgo selling to a customer in lieu of another customer with a higher WTP. For products without
production constraints (e.g., a Netflix subscription) this is not an issue.

8 With unscaled prices {p1,..., Dk }, the set of scaled prices can be created by dividing any price by the largest price
in the set, i.e., pr = pr/PKk -
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which is consistent with the standard notation for Gaussian processes. Accordingly, the
sample profit 7, for a price p; at time ¢ is Ty :pk(fliki).

The final component — a policy — denoted by W, is a decision-making rule that picks an
action or price in each round using the history from the past rounds. In this situation, the
history can be written as Hy = {S; = (s1¢y ..., Skt ), Nt = (N1, ..., i) }. Formally, in round ¢,
the policy picks a price using the history from the past (¢ — 1) rounds: py, = V(P, H;_1).
What distinguishes various MAB algorithms is how this policy is defined. For a typical
randomized experiment, the policy can be defined as an equal probability across all arms,
completely ignoring history.

To summarize, there is an unknown, but fixed distribution of consumer valuations for a
product. In each round, a consumer interacts with the firm, which shows a price, and then
the consumer makes a purchase decision, which is then observed by the firm. Following
Misra et al. (2019), we focus on discrete choice purchases (the consumer buys zero or one
9

units of a product) and the company is only able to change the price every 10 consumers.

A summary of the notation is given in Table 1.

Table 1 Summary of Bandit Notation

Notation Description Formula
v Policy for dynamic pricing (i.e., decision rule) Depends on algorithm
i Action index: the set of K actions ke{l,2,.. K}

Time-step: denotes the t-th customer of the
price experiment
Number of times price p, has been chosen

Tkt through time ¢

Sy Number of purchases at price p, through time
t

H, History from past ¢ rounds of experiment H, ={S;=(S1t,-,8k1t)s Ne = (N14y 0o, Nt }
Action chosen at time ¢: this is dependent on

ke the set of actions, policy and past 1ilistory ke =0(P Hys)

Dk Scaled prices pr € P={p1,...,px} where 0 <p, <1 Vp,

D(py) Demand at price py,

- Profit realized when price p, was tested in

ke time period ¢
Ynt Mean demand through time ¢ of price p; Yrt = Ske/ Mkt
Tt Sample mean profit through time ¢ of price p Tt = Dot (St / Mokt

9 Alternatively, one could specify that prices can be changed every X minutes and have customers arrive according
to a Poisson distribution. Both setups are just approximations of how the algorithm may be deployed in a practical
application.
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3.2. Policies: Algorithms for Choosing the Arm to Play

To assess the empirical performance of our proposed algorithm, we need to compare its
performance to other various algorithms. Note that in Table 1 only W — the policy —
depends on the algorithm, while all other elements in the table are independent of the
algorithm. Regardless of other modeling choices, a necessary component of all bandits is
a specification for choosing the arm given the history. Thus, the empirical performance of
different algorithms will be measured by comparing the average rewards per consumer over
numerous simulations, as well as the variance of these rewards. Algorithms having higher

average total rewards and lower variance would be achieving higher performance.

3.3. Baseline Policies — Deterministic and Stochastic Algorithms

The simplest algorithm or policy — a randomized experiment or A/B testing approach —
would just select a random arm and completely ignore the history of arms played and cor-
responding outcomes. Next is the class of myopic policies, such as greedy-based algorithms
(i.e., e-greedy) and softmax (Dann et al. 2022).

Finally, the more sophisticated baseline algorithms that we build upon are broadly in two
separate classes. The first class consists of algorithms based on Upper Confidence Bound
(UCB), which balances the observed rewards across arms with the uncertainty. UCB-based
policies account for the fact that there is more potential uncertainty for arms that are
played less frequently. The second class of algorithms is based on Thompson sampling
(TS), and directly quantifies the uncertainty using a Bayesian approach. Prior research
has provided provable guarantees on regret for these algorithms. We refer to these as our
baselines, since we develop our method based on these two classes of policies. Technical
details about UCB and TS can be found in Appendix EC.1.

UCB: The Upper Confidence Bound algorithm is a deterministic nonparametric approach
popularized because it is proven to asymptotically have the best possible performance
in terms of achieving the lowest maximum regret (Lai and Robbins 1985, Agrawal 1995,
Auer et al. 2002). Regret is defined as the difference between the cumulative reward of the
optimal strategy and the cumulative reward obtained by the chosen strategy.

In every round, UCB uses a formula that scores each action, and then the highest scoring
action is picked. As it is deterministic, it will always choose the same action given a
particular data history. The scoring rule is the sum of an exploitation and exploration term.

The exploitation term is the sample mean of past rewards at a given action, which informs
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which actions have previously had higher payoffs. A fully exploitative strategy'® would use
just this first term. The exploration bonus, meanwhile, is increasing in how uncertain we
are about the sample mean for an action; that is, it decreases with the number of times an
action has been chosen. Thus, the UCB algorithm balances between a mix of exploitation
and exploration. Notably, in the pricing setting, we scale the exploration term by price as
in Misra et al. (2019).

TS: Thompson sampling is a randomized Bayesian parametric approach. For each action,
a reward distribution is specified a priori and updated based on the history of past trials
(Thompson 1933). In each round, an action is chosen according to the probability that it
is optimal given the history of past trials. The easiest implementation is to take a sample
from each distribution during each round and pick the arm that gives the highest payoff
from these samples. In our setting, where purchases are either 0 or 1, the TS approach is
operationalized by sampling from a scaled beta distribution where the parameters are the
number of successes and number of failures. That is, at time ¢t 4+ 1 for a given arm k, a
sample is taken from Beta(sg; + 1,n3; — si: + 1) and then scaled by the price, py;; the arm
with the highest value is then chosen.

A key assumption of Thompson sampling is having a suitable parametric form for the
distribution. In addition to TS, we also look at Nonparametric Thompson sampling, or
N-TS, by Urteaga and Wiggins (2022), which flexibly estimates the reward density with
nonparametric Gaussian mixture models.

Performance Metrics: Multi-armed bandits are designed for learning while earning. There
are a number of performance metrics that are used to evaluate the performance of policies.
Among the most common is regret, which characterizes the difference in rewards (profits
in our setting) between the arms that were played and the rewards obtained by only
playing the optimal arm. Among a set of algorithms, the one with the lowest cumulative
regret is the same as the one with the highest cumulative rewards. Formulating the bandit
problem as a statistical problem (regret) rather than an optimization problem (maximizing
cumulative reward) lends itself better to theoretical guarantees (Cohen and Treetanthiploet
2020). Theoretical guarantees often state that an algorithm has the lowest possible bound

for expected regret, however, this is subtly different from empirical performance, which

10 This would be equivalent to a fully greedy algorithm.
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may be higher for algorithms without such theoretical properties.!! Another important
criterion for businesses (especially those with few products who are unlikely to run many
price experiments) is the variance in the rewards between simulations. A third could be to
evaluate consistency with microeconomic theory, e.g., whether the demand curve learned by
the algorithm satisfies conditions like monotonicity. A full description of the performance

metrics is discussed in Appendix EC.2.

3.4. Leveraging Informational Externalities

Our goal is to create a general method where any decision rule (either UCB, TS, or any
other rule) can be combined with the two informational externalities that are relevant
to the problem of learning the demand curve in order to determine optimal pricing. We
start by noting that the baseline UCB and TS algorithms do not feature any information
externalities, i.e., the arms are viewed as being independent of one another. Learning about
the rewards for one arm (price) will not alter the expected rewards for any other arm,
which is the issue that we seek to model with informational externalities.

First Informational Externality: The first information externalities recognize local depen-
dence of functions through continuity. In the pricing application, specifically, we know that
demands corresponding to a pair of prices tend to be closer together when the prices are
closer together. To inform demand at arm j or (price) p;, the demand at p;_; and p;.; are
most informative. More generally, it is possible to learn about the demand D(p) at price p,
from observed demands at nearby price points, say D(p+ €) for small e. The information
spillover generated is symmetric and bidirectional, and points that are further away are
less important, and given less weight due to the structure of the covariance matrix.

Second Informational Externality: The second informational externality specified by the
monotonicity property has a more global meaning, since demand at price p; constrains
all the demands at higher prices, since D(p;) < D(p;) when p; > p;. The impact is also
asymmetric. Specifically, we know that demand at a higher price p, is upper-bounded by
demand at a lower price p;, and demand at a lower price is lower-bounded by demand at a
higher price. If a demand curve is specified, monotonicity must be satisfied at each point

of the demand curve, and not just at the chosen price levels corresponding to the arms.

1 For example, it is proven that under certain conditions UCB has the lowest possible bound for expected regret
(Auer et al. 2002). However, empirically, under the same conditions it is often outperformed by greedy algorithms
with respect to maximizing rewards (Bayati et al. 2020).
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From Points to Functions: The logic of sharing information between arms leads to the idea
of using functions instead of rewards at specific arms (price points). The approach of using
functions that span the support of the arms (price levels) serves as a foundation to incorpo-
rating and modeling the two informational externalities. Without functions, the approach
to including dependence across arms would necessarily be ad hoc and pre-specified by the
researcher. Using functions works in this case since we know from microeconomic theory
that the arms are not quite independent. For example, knowing the demand at price p =0.5
is likely to be informative of demand at p =0.6. We can specify certain functional forms
(e.g., splines) that flexibly model the true demand curve. However, the risk is that any
parametric approximation chosen by the researcher might be insufficient to capture the
true shape of the demand curve.

From Functions to Gaussian Processes: We use the idea of modeling the demand curve (or
function) as a draw from a Gaussian process (GP). Gaussian processes (GPs) have been
used across a wide range of machine learning applications, including bandits (Srinivas et al.
2009), due to their flexible nonparametric nature. GPs are nonparametric since they allow
any function to be drawn probabilistically from the set of functions on the chosen support,
unlike most commonly used methods in economics and marketing. Rather, any arbitrary
demand curve can be modeled, and the GP learns about the shape from the data. This
flexible approach can be used to incorporate dependencies across arms.

The GP-based approach incorporates both of the informational externalities. The pri-
mary algorithms used in this paper are Gaussian process bandits adapted to dynamic pric-
ing. GPs have recently been used in multi-armed bandits by combining the GP approach
along with a decision rule like UCB or Thompson sampling (TS) by Chowdhury and
Gopalan (2017), who evaluate the theoretical and empirical performance of GP-UCB and
GP-TS. More specifically to the pricing problem, GP-TS has been used in the evaluation
of pricing in a multi-product setting by Ringbeck and Huchzermeier (2019).

3.4.1. Advantages of GPs relative to other methods GPs have many desirable fea-
tures for the present class of problems. First, GPs provide both a parsimonious and non-
parametric way to incorporate both informational externalities in a transparent, principled,
and provable manner.'? Second, GPs also have closed form solutions where hyperparame-

ters can be turned very quickly with maximum likelihood estimation. Intuitively, however,

12 One alternative way would be to use a parametric model like GLM-UCB (Filippi et al. 2010) and restrict the
coefficients to obtain weakly decreasing demand functions. Given we model demand on just one variable, price, a
nonparametric method is much more flexible and less likely to be negatively impacted by model misspecification.
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they work well with bandits because the exploration-exploitation trade-off depends on hav-
ing knowledge of the distribution of the rewards, not just the mean reward at each arm.'3 A
GP provides a probability distribution of functions, offering a principled way of obtaining
exactly what is needed to manage the exploration-exploitation trade-off.

Finally, we note that other nonparametric methods (including many machine learning
methods), may possibly provide higher accuracy estimates for the mean, but because they
are not as competent at knowing the certainty to which the prediction is true, they are
ill-suited for bandit algorithms where controlling the exploration-exploitation trade-off is
crucial. Meanwhile, GPs can quantify what they do not know, which allows the uncertainty
around the estimates to be incorporated into the decision-making process in a principled
manner. This is why a method like GPs is needed where the entire distribution of functions
is estimated when creating a smoothing alternative to the raw data. In fact, one can
consider the case where just the means of the posterior GP are used rather than using
the entire posterior GP.1* This was tested in Srinivas et al. (2009), who found it was “too
greedy too soon and tends to get stuck in shallow local optima” (p. 4). That is, it can

cause the algorithm to get stuck and under explore, leading to inaccurate results.

4. GP Bandits Model

We now provide the complete specification for our model. The key building block to our
approach is the Gaussian process. A Gaussian process (GP) is a stochastic process (collec-
tion of random variables) such that every finite subset of random variables has a multivari-
ate Gaussian distribution. It can be thought of as a probability distribution over possible
functions. In our setting, this would mean that a draw from the GP would represent a
demand curve. A complete overview of GPs can be found in Appendix EC.3.

Gaussian processes can be combined with bandits such as UCB (Srinivas et al. 2009) and
TS (Chowdhury and Gopalan 2017, Ringbeck and Huchzermeier 2019). The main difference
is that instead of using the raw data directly, a posterior GP is estimated before using a
UCB scoring rule or Thompson sampling. The advantage is that a GP estimates the entire

function over the support, when raw data does not use information from nearby arms. This

13 This is also incorporated in the UCB algorithm, which models both a term for the sample mean of each arm as
well as an exploration bonus dependent on the bounds surrounding those sample means. However, the interpretation
of the bonus term in terms of uncertainty is less clear.

4 One can think of this as a greedy-based GP algorithm.
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can minimize incorrect “exploitation” in early rounds, while still learning the true rewards
over the long run. In this paper, both UCB and TS are adapted to the pricing scenario
with Gaussian processes. We seek to remain fairly agnostic between GP-UCB and GP-TS,
as past literature (Chowdhury and Gopalan 2017) corroborated by our own simulations
shows that neither completely dominates the other. The goal is to determine whether and
under what conditions incorporating monotonicity into the GP improves performance for
either algorithm.

We next define the additional notation required for GPs, explain the role of hyper-
parameters and how they are obtained (for shape and noise), and then specify how the
theoretical restriction of monotonicity of demand curves is incorporated into the bandit
setting. Notably, in our setting, input data is obtained only at the test prices, allowing
for the size of the input data to remain fixed as the number of observations increases. We
denote the input training prices as P, and the corresponding sample mean demands as
y = (Y1t Y2t, ---, Yt ). Both of these will have a maximum size |P| once every price in the
test set P has been tried at least once. As in Ringbeck and Huchzermeier (2019), we model
the GP at the demand-level and then scale by price so that the arm decision is at the

reward-level.

Table 2 Summary of GP Notation

Description Notation in Pricing Setting
Training data noise o,

- p)2
RBF kernel - 0567@;;“”
RBF hyperparameters {o,1}
Covariance function (kernel) evaluated at two points k(p;,p;)
Covariance matrix between price vectors K(P,P)

Kernel: A Gaussian process flexibly models the dependency across input points using
a kernel, which is implemented by using a covariance function. A kernel k(-,-) takes in
two points (in our setting, prices p; and p;) from the input space and returns a scalar
representing the covariance between the outputs at those points. From this, a covariance
matrix K(-,-) can be created for a set of inputs. A common and robust kernel for GPs
is the radial basis function (RBF) kernel, also known as a Gaussian kernel or squared

exponential kernel (Duvenaud 2014).

(p;—p;)?

pi,p;j) =0 2 (1)

kRBF(
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The above kernel has a set of desirable properties that are necessary for our setting. It
is differentiable and can provably approximate an arbitrary continuous target function
uniformly on any compact subset of the input space (Micchelli et al. 2006). It has two shape
hyperparameters, oy and [. The first hyperparameter, oy, is a scale factor that controls the
amplitude of the function (i.e., the average distance the function is away from its mean).
The second hyperparameter, [, determines the smoothness'® of the function, which means
that it describes how the correlation between two points drops as the distance between
them increases (Shahriari et al. 2015).

Hyperparameters: As the kernel controls the function shape, a crucial practical step in GP
bandits implementation is the selection of the kernel hyperparameters. To minimize human
(researcher) judgment, it would be ideal to have an efficient, accurate, and automatic
method for selecting hyperparameters. There are two types of hyperparameters that need
to be specified: shape parameters for the kernel, (o¢,1), and the noise parameter, 02, which
dictates how noisy the data is.

There are two main non-Bayesian methods for tuning the hyperparameters.'® The first
method is the typical machine learning method of estimating the GP on training data and
testing a grid of hyperparameters to see which performs best on the test data. The second
standard approach is to choose values of the hyperparameters that maximize the likelihood
of the data given a model. Mathematically, this is equivalent to minimizing the negative

log marginal likelihood (equation 2.30 in Williams and Rasmussen (2006)).
L r a1, L 2 t
log prob(y|P;) = —3Y (K(Py, ) +o,I) y— 2 log |K (P, Py) +o,I)| — 2 log(2m) (2)

where ¢ denotes the number of data observations (i.e., the number of rounds in a bandit).

Noise Parameters: We specify the noise parameters directly because it can be difficult to
disentangle shape and noise parameters if both are estimated together (Murray 2008).17
We use the fact that purchase decisions are binary in our model to characterize the upper

bound of the variance at any price. When prices are set in p € [0, 1], the variance for a

15 Intuitively, this can be thought of as the length of the ”wiggles.”
16 Bayesian tuning methods are often not too slow and not suitable for real-time bandit settings.

1" For example, consider two close input points (x-axis) that have very different outputs (y-axis). One possible
explanation is that the data is accurate and the GP needs shape parameters that permit sufficiently high variation
to allow for large output differences from nearby inputs. Alternatively, it could be that the true outputs are actually
close together but that the data is very noisy; in this case, the previous shape parameters would be overfitting.
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Bernoulli random variable is p(1 — p), which implies that the maximum variance in the
purchase probability is 0.25 that occurs when the true purchase probability is p=0.5. All
other prices would have a lower variance. Thus, a conservative approach without estimating
the noise parameter would be to set the noise variance to 0.25. While this might be too
conservative for some prices, using noise parameters that are too small could lead to a lack
of search and potentially poor results from getting stuck in errant equilibria. A discussion
of alternative methods where we allow the noise to take on different values for different
prices (that is, heteroscedastic noise) is discussed in Appendix EC.10.

Computational Complexity: We note here that the complexity grows in the number of arms,

not the size of data (or number of customers). Please see Appendix EC.4 for details.

4.1. GP-UCB and GP-TS Algorithms
We can now define the GP-UCB and GP-TS algorithms in the pricing scenario. To initialize
the algorithm, we choose the first price randomly.'® Once one data point becomes available,
the hyperparameters are chosen using equation (2). At time ¢, using price set P and
vy = (Y11, Y2t, - Yie) the posterior mean, p(D*), and covariance matrix, Cov(D*), can be
calculated by equations (EC.9) and (EC.10)."?

With the GP estimated, UCB and TS can be applied. For GP-UCB, the posterior
demand mean, y;(py) and its posterior variance o?(p;) at each price p;, € P are used to
decide the price at iteration ¢+ 1 by using the following decision rule:

pCPUCB _ 4o H;Dax (pk(ﬂt@k) + 5313075(1719))) (3)
PLE

where 8, = 2log(|P[t*7*/(66)) and § is set to 0.1.%° Note we have scaled by py as the
algorithm is optimizing on reward (rather than at the demand level where the GP was
estimated).

On the other hand, in GP-TS, instead of having to sample at each arm like in TS, a
demand draw for every test price, d;(p) can be obtained by sampling from the posterior

GP. That is, d;(px) is a sample taken from the posterior normal distribution with given

18 Another possible initialization method is to set arbitrary hyperparameters and model the GP without data. Both
methods are practical with only small differences in overall performance (under 1% in all our simulations) with neither
method dominating.

19 D* is a random variable denoting the Gaussian process posterior prediction.

20 This is the value that Srinivas et al. (2009) found empirically worked well. There may be better values of 3 for
other simulations, though determining 8 without past data is generally challenging (Hoffman et al. 2011).
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mean and covariance matrix D* ~ N (p(D*), Cov(D*)). Then, using Thompson sampling,

the price chosen will be

Pt T8 = arg max (prd, () (4)
pLEP

4.2. Monotonic Bandits

We now turn our focus to the main contribution of this paper, which is to incorporate
monotonicity constraints into Gaussian process bandits. Our goal is to obtain only weakly
decreasing functions, consistent with microeconomic theory that demand weakly decreases
with price. Recall that the baseline GP allows for any function, and does not impose any
restrictions on the shape, so the goal is to impose monotonic shape restrictions. We will
call the versions of GP-UCB and GP-TS with monotonicity GP-UCB-M and GP-TS-M,
respectively. For GP-TS-M, we require a way to randomly draw a monotonic function from
the set of monotonic functions in the posterior GP. For GP-UCB-M, we require an estimate
of the mean and variance from the subset of monotonic demand curves from the posterior;
this can be obtained by averaging over many monotonic draws.

To obtain a random monotonic draw, one simple approach is to use rejection sampling
and sample the GP until a weakly decreasing draw is obtained. This approach will work
to some extent, but there is no guarantee that a weakly decreasing draw will be found
expediently. Furthermore, this issue is exacerbated when there are few observations and
when there are many test prices. Specifically, since monotonicity must be satisfied locally
at each point as well as globally, there is no alternative to checking this condition at all the
price levels. In cases with many arms where the sample means are highly non-monotonic,
the probability of finding a monotonic draw can become vanishingly slim.

To ensure that a weakly decreasing draw can be obtained from a GP in an expedient
manner in all cases, we develop a method from first principles. The idea is that while
sampling a monotonic function from a GP is intractable, obtaining a draw from a GP where
all the values are negative is a tractable sampling problem (equivalent to sampling from a
truncated normal). Specifically, since a decreasing monotonic function can be characterized
as a function whose first derivatives are negative at all points, if a link exists between the
GP and its derivatives, we can transform the monotonic sampling problem to one that is
tractable. We obtain this link by using the useful property that the derivative of a GP
is also a GP (and that the RBF kernel we use is infinitely differentiable), allowing for
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the derivative of a GP to be estimated from our data. We then use the basis functions
proposed by Maatouk and Bay (2017) to recover the demand function estimate from a
draw of negative derivatives sampled from the derivative of the GP.

Another advantage of this principled approach is that the function is guaranteed to
be monotonic not just at the discrete price levels forming the support, but also at any
intermediate price where no experimentation is performed. The only assumption needed is
that the demand function is differentiable with a continuous derivative.

Basis Functions: The first step is to estimate the demand function using a collection of
functions h; known as the interpolation basis. The demand function will be estimated
by linearly interpolating between the function values at knots spaced over the support.
Following the notation of Maatouk and Bay (2017), we let u; € [0,1],j =0,1,..., N denote
equally spaced knots on [0, 1] with spacing 6y =1/N and u; = j/N. The interpolation basis
is defined as

hy(p) = (%) where h(p) = (1 - [p)1(pe [~1,1]) (5)

Then, for any continuous function D : [0,1] — R, the function
N
Dy(-) &) D(u;)h;(-) (6)
=0

approximates D by linearly interpolating between the function values at the knots u;. One
key property of the interpolation basis is that as the gap between the evenly spaced knots
becomes infinitesimally small, the distance between the estimation and the true function
converges to 0. From this property, the demand function can be written in terms of its
intercept, derivatives, and basis functions as shown in Proposition 1. A proof is provided

in Appendix EC.5.1.

PROPOSITION 1. Assuming the demand function D :[0,1] — R is differentiable with a
continuous derivative (i.e., D € C'([0,1])), then it can be estimated by its intercept and

derivatives by the following equation:
N P

D)~ D)+ D'(uy) / hy(z)de (7)

j=0 0
While this works for all class C! functions on the support, we additionally assume that this
unknown demand function D is weakly decreasing, meaning that it belongs to a subset M
defined as follows:

M:={DecC'([0,1]): D'(p) <0,pe (0,1)} (8)
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That is, D belongs to the subset of functions where the derivative is never positive at any
value of p.

To summarize, the main changes between the monotonic and non-monotonic version are
as follows. When incorporating monotonicity, instead of estimating a GP of the means at
the test prices, we estimate a GP of the derivatives at the knots concatenated with the
mean at the intercept. Crucially, the intercept and derivatives must be estimated together,
but this is possible due to the property for a GP that the joint distribution of values and
their derivatives are also a GP (see Appendix EC.5.2 for details on how to calculate the
derivative of a GP). Once the posterior GP is estimated, off-the-shelf sampling can be used
to acquire a draw where every derivative is non-negative (we use the TruncatedNormal
package in R (Botev and Belzile 2021)). We denote M as the subset of monotonically
decreasing functions from the posterior GP. Next, equation (7) provides a formula to
recover the demand sample d at the desired test prices using just the draw and basis
functions h. From this stage, the decision rules for GP-UCB or GP-TS can be used per

usual. Formally, the methods are outlined in Algorithms 1 and 2.

Algorithm 1: GP-TS-M

1 Set test prices P, kernel k, noise hyperparameter 05 , and knots U

2 Compute the integrals of the basis functions at U using equation (5)
3 Define test points as Uy = {0} UU (concatenate the intercept)

4 For t =1 pick price randomly, and observe purchase decision

5 Initialize training input P; and training output y;,

6 fort=23,...do
Compute shape hyperparameters oy and ! using equation (2)

8 Compute covariance matrix (equation (EC.7)) using P, and U, with equations (EC.15), (EC.16),
(EC.17)

9 Estimate posterior GP using equations (EC.9) and (EC.10)

10 Sample randomly from M at test points U

11 Estimate the demand draw d; at test prices P using equation (7)

12 Play price p), =argmax, .p (prd;(pr))

13 Observe purchase decision

14 Update P, and y;
15 end
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Algorithm 2: GP-UCB-M

1 Set test prices P, kernel k, noise hyperparameter 05 , and knots U

2 Compute the integrals of the basis functions at U using equation (5)
3 Define test points as Uy = {0} UU (concatenate the intercept)

4 For t =1 pick price randomly, and observe purchase decision

5 Initialize training input P, and training output y,

6 fort=23, ... do
Compute shape hyperparameters o; and ! using equation (2)

8 Compute covariance matrix (equation (EC.7)) using P, and Uy with equations (EC.15), (EC.16),
(EC.17)

9 Estimate posterior GP using equations (EC.9) and (EC.10)

10 Obtain N samples from M at test points Uy

11 Estimate the demand draw d; ,, at test prices P using equation (7) for each of the N samples

12 Estimate p,(px) and o,(px) from the collection of demand draws

13 Play price px =argmax, .p (Pk(/it () + ﬂzlﬁgt (Pk)))

14 Observe purchase decision

15 Update P; and vy,
16 end

Other Monotonic Bandits: There are multiple possible methods to enforce monotonicity
with respect to GP-bandits. In Appendix EC.6, we provide another method that jointly
estimates the demand function and its derivative.?! Notably, while this can enforce negative
derivatives at the test points, functions can possibly be non-monotonic between test points.
However, with sufficient test points, we find that empirically this method performs nearly
identically to Algorithms 1 and 2. Additionally, for the joint method, we provide theoretical

properties (regret bound), the same as the bounds for GP-TS without monotonicity.

5. Simple Example Illustrating Demand and Profit Learning

In this section, we discuss a simple example which will illustrate why the bandit setting

is different for pricing. This example illustrates the mechanism for why bandit algorithms

predictably do worse or better for particular underlying distributions. To illustrate this

point, we consider what a balanced experiment would learn during a pricing experiment.
Let us consider a company selling a product where each consumer can only purchase

one unit. Let the true unknown demand curve be D(p) =1 — p and prices tested be P =

21 Again, this uses the properties that the derivative of a GP is also a GP, and that a GP concatenated with its
derivative is also a GP.
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{0.1,0.3,0.5,0.7,0.9}. The corresponding true demands are {0.9,0.7,0.5,0.3,0.1} while the
corresponding true profits are {0.09,0.21,0.25,0.21,0.09}. The company tests each price
100 times, and the results of the demand learning and profit learning are shown in Figure 1.
Figure 1a) shows the sample mean demand at the prices tested (blue dots) along with their
corresponding 95% credible intervals,?? while Figure 1b) shows the sample mean profit at
the prices tested (red dots) along with their corresponding 95% credible intervals. The grey

dotted lines represent the true demand curve and true profit curve accordingly.

Figure 1 Demand and Profit Learning for a Balanced Experiment

a) Demand Learning b) Profit Learning
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Notes. Results of a single balanced experiment where each of the prices {0.1,0.3,0.5,0.7,0.9} were tested 100 times with true
unknown demand of D(p) =1 — p. Figure a) shows the mean and 95% credible intervals for purchase probability at each price
tested — the dotted grey line shows the true purchase probability. Figure b) Shows the mean and 95% credible intervals for
profit at each price tested — the dotted grey line shows the true expected profit.

This figure illustrates a crucial phenomenon about learning the optimal price. While the
credible intervals are roughly the same size at the demand level,?® they are much different
at the profit level. This is because while learning happens at the demand level, profits are
obtained by scaling the demand by price, which means that bounds will be larger for higher
prices than lower prices. This is apparent from Figure 1b), where the credible intervals
increase with the price despite each price having been tested an equal number of times.
Intuitively, this makes sense, as being slightly incorrect in an estimate of the demand for
a low price has very little effect on the estimate of the profit, while being incorrect on the
demand at a high price has a large effect on the estimate of the profit. This leads to large
differences in the ability to learn the demand for a certain price. For example, the true

22 Credible intervals are calculated by assuming a binomial prior.

23 There are small differences, as discussed in Appendix EC.10.
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variance at p=0.1 and p = 0.9 are equivalent at the demand level, but at the profit level
the interval is nine times larger at p=0.9 than p =0.1.

As bandits make decisions by learning based on expected reward and uncertainty of that
measure, they are also susceptible to this scaling issue, as learning is easier at lower prices
than higher prices. This leads to a large discrepancy in bandit performance depending on
where the optimal price is located among the set of prices being tested. If the optimal
price is high, then bandit algorithms perform quite well, as learning that low prices are
sub-optimal is not a difficult task. However, if the optimal price is low, it will take a lot
of samples to properly learn that the high prices are sub-optimal, which will lead to poor
algorithmic performance.

This insight provides the mechanism by which incorporating monotonicity can lead to an
increase in performance. This is because incorporating monotonicity rules out any demand
curve with a region where demand increases as price increases. This allows for a large
reduction in the space of possible demand curves, making the learning problem easier,
especially when the optimal is a low price (that is, when many low reward, high prices

need to be ruled out).

6. Analysis and Results

We now explain how the policies (algorithms) were implemented, specifically detailing the
building blocks like consumer valuations, the number of arms, and the sequence of events
in the multi-armed bandit. A summary of the benchmarks along with their characteristics

is presented in Table 3.

Table 3 Overview of All Algorithms

Algorithm Bayesian Nonparametric ~ Dependence Implements
Across Arms  Monotonicity

TS v

N-TS v v

UCB v

GP-TS v v v

GP-UCB v v v

GP-TS-M v v v v

GP-UCB-M v v v v
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Sequence of Fvents: We evaluate our proposed algorithm and benchmarks using a series
of simulations based on a standard setup for evaluating bandit algorithms in pricing (Misra
et al. 2019). Each simulation has the following structure. First, at each time period, a
consumer with a WTP drawn from an unknown distribution arrives from a large pool of
potential consumers with unit demand for the product. They are shown a price chosen by
the algorithm (which has no specific knowledge about this consumer), and they decide to
purchase if and only if their valuation for the product is greater than the price shown. The
outcome (purchase or no purchase) is observed by the algorithm, which then updates its
history of observations. We allow for the algorithm to update its price every 10 consumers.?*

Varying the Number of Arms: In choosing the number of arms, the decision maker faces a
trade-off between precision of the optimal chosen price, and the complexity (and time) of
the learning problem. We evaluate the performance across different price sets normalized
from 0 to 1 in equal intervals of 100 arms, 10 arms, and 5 arms.

Initializing the Algorithm: The algorithms are initialized with either a prior or some limited
experimentation. For UCB, we assume a prior that encourages exploration by assuming
that every untested price has been tested once and resulted in a purchase.?” On the other
hand, TS- and GP-variants can use uninformed priors so that a price can be chosen even
without any data. However, to make the comparison more equivalent,?® for GP-variants
we have chosen to pick the first price randomly; once the first price has been chosen, the
GP can be estimated from the data.

Valuation (WTP) Distributions: Right-skewed, Left-skewed and Symmetric: To evaluate the
performance of various MAB policies, it is important to analyze different kinds of dis-
tributions of consumer valuations or WTP. We follow Misra et al. (2019) by analyzing
distributions of various shapes using various parametrizations of the Beta distribution.
Specifically, for a right-skewed distribution we use Beta(2,9), for a left-skewed distribu-
tion we use Beta(9,2), and for a symmetric distribution we use Beta(2,2). A full graphical
description of the willingness to pay, the demand curve, and the profit curve for each simu-

lation setting can be found in Figure 2. A monopolist who knows the demand curve would

24 While it is possible to change prices every period (i.e., for each consumer), in practice this may be too quick to
employ. To better represent industry standards we change prices every 10 customers, as in Misra et al. (2019).

25 The alternative is to test each price before using the UCB policy, however, our initialization priors allow for the
possibility of not testing every price leading to an increase in algorithmic performance.

26 There are slight differences in how monotonic and non-monotonic algorithms choose the first price from an unin-
formed prior.
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set the optimal price to obtain the highest profit price. The true optimal prices range from

0.16 for Beta(2,9) to 0.42 for Beta(2,2) to 0.67 for Beta(9,2).

Figure 2  WTP Distributions and Demand and Profit Functions
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6.1. Results
Our results present several variants among two main classes of algorithms (TS and UCB).
Figure 3 illustrates the cumulative performance of each of the algorithms across time (or
number of customers), while Table 4 gives the corresponding exact numbers from this
figure at 500 and 2500 consumers. Table 5 details the uplift, or gains, from adding the two
informational externalities relative to the baseline algorithms. Last, Figure 4 presents a
histogram of prices played, providing insight into the behavior of the various algorithms.
The performances of the algorithms are shown in Figure 3, which reports the cumulative
percent of optimal rewards, relative to the case when the optimal arm (price) is played.?”
In each subfigure, the horizontal black dotted line represents the maximum obtainable
rewards given the price set (i.e., the ratio of the rewards from the best price within the
price set and the true optimal reward given the underlying WTP distribution). Observe
that this is not the same as the true optimal rewards, which is represented by 100%.%
Visually, algorithms with no informational externalities are represented with dots, those

with the first informational externality (i.e., the GP) are represented with dashes, and

2T There are two sources of variation between simulations — one that depends on the algorithm itself, and another
that depends on the exact WTP draws, from the true distribution. By using the expected rewards from playing a
price, it lessens the variation caused by WTP draws allowing for a cleaner comparison of algorithmic performance.
Misra et al. (2019) also use expected rewards in their analysis.

28 As the number of arms grows, the optimal rewards given the price set will approach the true optimal rewards.
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those with both informational externalities are represented with solid lines. UCB-variants

are represented with warm (orange-based) colors, while TS-variants are represented with

cool (blue-based) colors.

Table 4

Cumulative Percent of Optimal Rewards (Profits)

% of Price Set Optimal Reward

After 500 Consumers

% of True Optimal Reward

Algorithm B(2,9) B(2,2) B(9,2) Mean B(2,9) B(2,2) B(9,2) Mean
5 Arms
TS 72.7 91.2 97.6 87.2 65.6 87.7 97.2 83.5
GP-TS 66.7 92.0 95.3 84.7 60.2 88.4 94.9 81.2
GP-TS-M 87.3 94.6 96.3 92.7 78.7 90.9 95.9 88.5
N-TS 82.0 73.3 49.7 68.3 73.9 70.5 49.5 64.6
UCB 27.0 90.0 96.5 71.1 24.3 86.5 96.1 69.0
GP-UCB 26.6 92.0 96.6 71.8 24.0 88.5 96.2 69.6
GP-UCB-M 71.1 93.1 97.2 87.1 64.1 89.5 96.8 83.5
10 Arms
TS 51.0 82.8 93.6 75.8 46.9 82.5 93.2 74.2
GP-TS 61.1 90.4 94.3 81.9 56.2 90.1 93.9 80.1
GP-TS-M 90.3 93.5 95.3 93.0 83.1 93.3 94.9 90.4
N-TS 43.5 76.8 85.6 68.6 40.0 76.5 85.2 67.3
UCB 14.6 79.8 91.4 61.9 13.5 79.6 91.0 61.3
GP-UCB 27.0 89.8 95.6 70.8 24.8 89.5 95.2 69.8
GP-UCB-M  79.1 90.9 96.1 88.7 72.9 90.7 95.7 86.4
100 Arms
TS 1.0 43.5 69.0 37.8 1.0 43.5 69.0 37.8
GP-TS 60.6 90.3 94.3 81.8 60.6 90.3 94.3 81.8
GP-TS-M 87.4 93.3 95.3 92.0 87.4 93.3 95.3 92.0
N-TS 28.4 59.3 60.4 49.3 28.4 59.3 60.4 49.3
UCB 0.7 44.8 71.4 39.0 0.7 44.8 71.4 39.0
GP-UCB 20.5 88.1 94.8 67.8 20.5 88.1 94.8 67.8
GP-UCB-M 715 89.8 95.2 85.5 71.5 89.8 95.2 85.5
After 2500 Consumers
% of Price Set Optimal Reward % of True Optimal Reward
Algorithm B(2,9) B(2,2) B(9,2) Mean B(2,9) B(2,2) B(9,2) Mean
5 Arms
TS 92.1 96.6 99.4 96.1 83.0 92.9 99.0 91.7
GP-TS 86.2 96.9 98.9 94.0 777 93.2 98.5 89.8
GP-TS-M 95.6 97.8 99.1 97.5 86.1 94.1 98.7 93.0
N-TS 94.6 80.3 50.2 75.0 85.3 7.2 50.0 70.8
UCB 75.4 96.6 99.1 90.4 68.0 92.9 98.7 86.5
GP-UCB 77.0 97.5 99.2 91.2 69.4 93.8 98.8 87.3
GP-UCB-M  90.8 98.0 99.3 96.0 81.9 94.2 98.9 91.7
10 Arms
TS 83.7 93.5 98.1 91.8 77.1 93.2 97.7 89.3
GP-TS 82.3 96.6 98.2 92.4 75.8 96.3 97.7 89.9
GP-TS-M 96.6 97.2 98.4 97.4 88.9 96.9 98.0 94.6
N-TS 76.5 90.7 95.6 87.6 70.4 90.4 95.2 85.3
UCB 52.4 91.9 97.3 80.5 48.3 91.6 96.9 78.9
GP-UCB 73.4 96.5 98.6 89.5 67.6 96.2 98.2 87.3
GP-UCB-M  93.5 96.8 98.7 96.3 86.1 96.5 98.3 93.6
100 Arms
TS 22.8 73.3 90.2 62.1 22.8 73.3 90.2 62.1
GP-TS 82.0 96.3 98.2 92.2 82.0 96.3 98.2 92.2
GP-TS-M 94.2 97.1 98.4 96.6 94.2 97.1 98.4 96.6
N-TS 32.2 67.4 74.6 58.1 32.2 67.4 74.6 58.1
UCB 12.4 70.8 87.2 56.8 12.4 70.8 87.2 56.8
GP-UCB 69.7 95.7 98.1 87.8 69.7 95.7 98.1 87.8
GP-UCB-M 90.1 96.0 98.0 94.7 90.1 96.0 98.0 94.7

Figure 3a) shows the results for five evenly spaced arms over [0,1]. Examining the left-

most panel for the right-skewed Beta(2,9) distribution, we have a few noteworthy obser-
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Figure 3  Cumulative Percent of Optimal Rewards (Profits)
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underlying distribution.
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vations. First, while all algorithms eventually settle on the optimal price with sufficient
learning, even at 2500 iterations there remains quite a substantial difference in performance
across algorithms. Second, the UCB algorithm does not benefit quite as much from adding
the first informational externality — incorporating a Gaussian process. However, we see
that adding the second informational externality — monotonicity — adds significantly more
benefit in terms of the cumulative rewards, improving the performance of the GP-UCB
algorithm. Third, in the case of the TS-based algorithms, adding the first informational
externality can actually make the rewards lower, i.e., GP-TS can be worse than just TS.
It might seem counterintuitive that allowing the algorithm to use more information can
reduce the rewards. However, the advantage of using a GP comes from learning from
nearby arms, of which there is little opportunity from just five spaced out arms. However,
one drawback of using a GP is that it shares a single noise hyperparameter, while the
true underlying noise differs based on the price. If this drawback outweighs the benefit of
sharing, GP-TS can actually perform worse. We address this problem by allowing for het-
eroscedastic noise in Appendix EC.10. Finally, we find that the nonparametric TS (N-TS)
algorithm performs well relative to most other algorithms, but is worse than the GP-TS-M
algorithm, which incorporates both informational externalities.

Next, we explore the symmetric and left-skewed distributions, i.e., Beta(2,2) and
Beta(9,2) respectively. While we observe a similar ordering of algorithms as in the right-
skewed Beta(2,9) case, we do not see such a substantial difference between the algorithms
at 2500 iterations. There is one exception: unlike in the right-skewed case, nonparametric
TS performs much worse in these distributions compared to the other algorithms, even
baseline TS and UCB.

As we increase the number of arms from 5 to 10, a few interesting differences arise. First,
with 10 arms, we observe that for all three distributions, the variation across algorithms
has increased compared to the case with five arms, i.e., the worse performing algorithms
now are much worse relative to the best performing ones. We observe that for all cases, that
the rank ordering of the algorithms is relatively similar to the case with five arms. Notably,
in the Beta(2,9) case, the first informational externality leads to GP-TS outperforming TS
initially, before TS surpasses it narrowly by 2500 consumers. On the other hand, GP-UCB
now greatly outperforms UCB. Similarly, in both the Beta(2,2) and Beta(9,2) case the
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difference between GP-TS (GP-UCB) and TS (UCB) increased from 5 to 10 arms. Com-
paratively, the advantage of the first informational externality increased as the number of
arms increased from 5 to 10. Meanwhile, the second informational externality — monotonic-
ity — continues to achieve a marked improvement over other algorithms in the Beta(2,9)
case, while performing nearly identically to algorithms with the first informational exter-
nality in the Beta(2,2) and Beta(9,2) cases. Similar to the case with five arms, GP-TS-M
is the best performing algorithm narrowly outperforming GP-UCB-M.

Moving from 10 to 100 arms, we observe the same patterns accentuated further. The
divergence between the best performing (GP-TS-M) and worst performing algorithms
(baseline) is substantial, with the best achieving 300% higher rewards than the worst.
However, the rank ordering remains similar. N-T'S performs either just above the baseline
UCB and TS algorithms, or is the worst performer (in the left-skewed case).

Next, we examine the uplift quantitatively in Table 5. Uplift is the percentage improve-
ment in cumulative rewards from including an informational externality. First, we examine
the case with only five arms. We observe that for the UCB algorithm, the uplift from the
first informational externality is positive but minimal, when averaged across the three val-
uation distributions. However, for the TS algorithm, the impact of incorporating the first
informational externality is overall negative. As the number of arms increases to 10 and
then 100, the uplift from including the first informational externality increases for all distri-
butions, with the biggest gains being obtained in the right-skewed Beta(2,9) distribution,
and the lowest gains for the left-skewed Beta(9,2) distribution. Adding the second informa-
tional externality, we observe that the greatest gains again accrue from the right-skewed
distribution. However, in contrast to the first externality, adding monotonicity provides
benefits that are consistent regardless of whether the number of arms is changed from 5
to 10 to 100. The above findings apply qualitatively when evaluated after 500 consumers
(rounds), or 2500 consumers. However, impacts tend to be larger earlier on because the
comparative gains from algorithms tend to happen in early rounds.?® This also implies
that the informational externalities are broadly useful no matter whether the manager has
a low budget for experimentation (500 rounds) or a relatively high budget (2500 rounds),

with higher relative gains in the former case.

29 As eventually all algorithms will learn the optimal price.
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Table 5 Uplift in Performance from Informational Externalities
After 500 Consumers

TS UCB
5 Arms 10 Arms 100 Arms 5 Arms 10 Arms 100 Arms
. 80% 20.6% 5940% 2.0% 92.1% 2720%
i‘;l;fitg:imy B(29)  (86,-7.3) (19.2,22.1) (5840, 6040)  (0.0,4.1)  (86.6,97.6) (2650, 2790)
(GP comparod B(2,2) 1.0% 9.4% 108% 2.4% 12.6% 96.6%
to base algos) ’ (0.6, 1.3) (9.0, 9.8) (107, 109) (2.0,2.7)  (12.1,13.1)  (96.0, 97.2)
B(9,2) -2.4% 0.8% 36.8% 0.1% 4.6% 32.7%
’ (-2.5,-2.2)  (0.6,1.0)  (36.6,37.1) (0.0, 0.3) (45,4.8)  (32.6, 32.8)
Mean -2.8% 8.2% 116% 0.9% 14.3% 73.9%
(-3.1, -2.6)  (7.8,8.5) (115,117) (0.7, 1.2) (13.9, 14.7) (73.4, 74.4)
. 31.5% 50.1% 15.5% 176% 237% 296%
;Jrf’;‘itxi‘:::ality B(2:9) (305 32.5) (484, 51.8) (44.1,47.0) (170, 182) (222, 252) (281, 310)
(GP-M compared B(2,2) 2.9% 3.5% 3.4% 1.3% 1.4% 2.1%
to P algos) ’ (2.6, 3.2) (3.2, 3.9) (3.1, 3.8) (1.0, 1.6) (1.0, 1.8) (1.6, 2.5)
B(9.2) 1.0% 1.1% 1.1% 0.6% 0.5% 0.5%
’ (0.9, 1.2) (1.0, 1.2) (0.9, 1.2) (0.5, 0.7) (0.4, 0.6) (0.4, 0.5)
Moan 9.6% 13.7% 12.6% 21.5% 25.6% 26.3%
(9.3, 9.8) (13.3,14.0) (12.3,12.9) (21.1, 21.9) (25.1, 26.0) (25.9, 26.7)
Uplift from B(2,0) . 204% 78.5% 8610% 174% 168% 975%
e o itios P) 0 (19.6,21.3)  (76.9, 80.0) (8470, 8740) (168, 179) (457, 479) (970, 980)
(GP-M compared B(2,2) 3.8% 13.2% 115% 3.6% 14.1% 100%
to base algos) ’ (35,4.1)  (12.7,13.6)  (114,116) (32,39  (13.6,14.5) (100, 101)
B(9,2) -1.4% 1.9% 38.3% 0.8% 5.2% 33.3%
’ (-15,-1.2)  (1.7,21)  (38.0,38.6) (0.7, 0.9) (5.0,5.3)  (33.2, 33.4)
Mean 6.4% 22.9% 143% 22.6% 43.3% 119%
(6.1, 6.6) (22.5, 23.2) (143, 144) (22.1, 23.0) (42.9, 43.7) (119, 120)
After 2500 Consumers
TS UCB
5 Arms 10 Arms 100 Arms 5 Arms 10 Arms 100 Arms
. 6.4% 1.6% 262% 2.2% 10.4% 164%
}Jsrt’lgitir:glity B(2:9) (65 62) (-1.9,-1.3) (260, 264) (1.9,2.4)  (39.7,41.1) (462, 467)
(GP compared B(2,2) 0.3% 3.4% 31.4% 1.0% 5.0% 35.2%
to base algos) ’ (0.1, 0.4) (32,3.5)  (31.2,31.6) (0.9, 1.1) (48,51) (350, 35.4)
B(9,2) -0.5% 0.0% 8.8% 0.1% 1.3% 12.5%
’ (-0.6,-0.5) (0.0, 0.1) (8.7, 8.9) (0.0, 0.1) (1.3, 1.4)  (12.4, 12.6)
Moan -2.1% 0.6% 48.4% 1.0% 11.1% 54.7%
(-2.2, -2.0) (0.5, 0.8) (48.2, 48.6) (0.9, 1.1) (11.0, 11.3) (54.5, 54.9)
. 10.9% 17.4% 11.9% 18.0% 27.6% 29.4%
gf;‘itx£22r;‘ality B(2:9) (106, 11.1) (17.1, 17.8)  (14.6, 152)  (17.6, 18.5)  (27.1, 28.1)  (28.9, 30.0)
(GP-M compared B(2,2) 1.0% 0.7% 0.9% 0.4% 0.3% 0.3%
to GP algos) ’ (0.9, 1.1) (0.5, 0.8) (0.7, 1.0) (0.3, 0.5) (0.2, 0.5) (0.1, 0.4)
B(9,2) 0.2% 0.3% 0.3% 0.1% 0.2% 0.1%
’ (0.2, 0.3) (0.2, 0.3) (0.2, 0.3) (0.1, 0.2) (0.1, 0.2) (-0.1, 0.0)
Mean 3.7% 5.5% 4.8% 5.3% 7.7% 7.8%
(3.6,3.8) (5.4,5.6) (4.7,4.9) (5.1,5.4) (7.5, 7.8) (7.7, 7.9)
. 3.8% 15.4% 315% 20.5% 78.9% 629%
E(f’tll‘fte)f::::;aﬁties B(29)  (36,40) (152.15.6) (313, 318)  (20.0,21.0) (78.1,79.7) (627, 632)
(CP-M compared B(2,2) 1.3% 4.0% 32.5% 1.4% 5.3% 35.6%
to base alzot) ’ (1.1, 1.4) (3.9,4.2)  (32.3,32.7) (1.3, 1.6) (5.1,5.5) (354, 35.8)
B(9,2) -0.3% 0.3% 9.0% 0.2% 1.5% 12.4%
’ (-0.4,-0.3)  (0.2,0.4) (8.9, 9.1) (0.2, 0.3) (14,15) (123, 12.5)
Moan 1.5% 6.2% 55.5% 6.3% 19.6% 66.8%

(1.4,1.6) (6.1, 6.3) (55.4,55.7) (6.2,6.4) (19.5, 19.8) (66.6, 66.9)
Notes. The table provides mean uplifts (averaged across 1000 simulations) with their corresponding 99% confidence intervals
calculated by using a paired t-test. Means are weighted.

Next, we evaluate the case when both informational externalities are added to determine
whether they are substitutes, i.e., can one of them do the work or provide the value of
the other in terms of increased rewards? We note that they lead to increases in different

situations, and so the improvement from adding both greatly exceeds each individually.
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In summary, the results from cumulative rewards and uplift demonstrate a few important
findings. First, we observe that the baseline TS and UCB algorithm do not perform very
well across the variety of WTP distributions and the number of arms. Second, we find that
the T'S-based algorithms generally seem to perform better than the UCB-based algorithms.
Third, adding the first informational externality (modeled using GP) is heavily impacted
by the number of arms (giving an uplift across 48.4% across the three distributions) for
100 arms, but can make performance slightly worse (-2.1%) with just five arms. Fourth,
adding the second informational externality (modeled with monotonicity) increases the
rewards under all combinations of valuation distributions and number of arms. In contrast
to the first informational externality, the uplift from monotonicity is consistent regardless
of the number of arms. Fifth, the largest uplift from the combination of both informational
externalities happened in the Beta(2,9) setting. As discussed in Section 5, this is because
baseline algorithms perform poorly when the optimal price is low (Beta(2,9)), but excel
when the optimal price is high (Beta(9,2)). Notably, even GP-TS-M performs slightly worse
in the Beta(2,9) case compared to Beta(2,2) and Beta(9,2), but because the drop is much
less than for other algorithms, the uplift is highest in this case. Overall, we find that whereas
both informational externalities can contribute to greater rewards, the impact of adding

monotonicity can be especially valuable since it is also less variable across conditions.

Mechanism: Investigating the Prices Chosen by Algorithms

In order to understand the mechanism by which each of the algorithms generates the
rewards, we explore the set of prices (arms) played by each of the algorithms. In Figure 4,
we have three sets of three panels. Across all of these graphs, there are both a left and
right y-axis. The left y-axis represents the percentage of time each price was chosen, as
shown by the blue bars. The right y-axis represents the percentage of the true optimal
received by playing a price; the optimal price is marked with a solid black circle, and the
red dashed lines (with values on the right axis) indicate the proportion of optimal rewards
obtainable by choosing that price.

With regards to the first informational externality (including a GP), the biggest gains
compared to the baseline algorithms happened when there were 100 arms, while for 5
arms the gains were negligible or even negative. The mechanism for this becomes clear
by comparing the top row (5 arms) with the bottom row (100 arms). Since T'S does not

consider dependence across arms, it needs to learn each price individually. As the number
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Figure 4  Histogram of Prices Played
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Notes. Each subfigure has two y-axes with price as the common x-axis. The left y-axis is for the bar plots and represents the
% of the time each arm is chosen (for 2500 consumers, with results averaged over 1000 different simulations). Meanwhile, the
right y-axis corresponds to the right horizontal lines, which denote the % of the true optimal reward that would be obtained at
the corresponding price. The black dot denotes which price is the optimal within the price set.

of prices increases, this makes the learning problem more difficult. On the other hand,
GP-TS is able to pool across many low performing arms and move on to an area with

more rewards more quickly. As the number of arms increases, these advantages can become
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quite large. On the other hand, with just 5 arms, TS is able to learn about the reward
distribution at each price relatively quickly, so there is no advantage to using GP-TS.3"

Meanwhile, for the second informational externality, the largest gains came in the
Beta(2,9), case with positive uplifts becoming smaller as we move to the Beta(2,2) case
and the Beta(9,2) case. In the top-left panel (5 arms, right-skewed), it can be seen that
while all algorithms play the optimal price of 0.1 the majority of the time, both TS and
GP-TS play prices 0.7 and 0.9, while GP-TS-M almost never plays such a price. As these
arms provide nearly zero reward, they are quite costly to play, and this illustrates how
GP-TS-M performs better.

To understand why this occurs, recall that since profits = pD(p) even if the demand
has the same uncertainty everywhere, the uncertainty for profits is higher at higher prices.
This means that algorithms that do not consider monotonicity (like TS and GP-TS) will
need to invest significant resources to properly learn that these high prices are not optimal.
However, monotonicity rules out many cases, which T'S and GP-TS cannot, as it is required
that each demand curve be monotonically decreasing. This eliminates many possible curves
from consideration in this noisy area that GP-TS cannot rule out. Impressively, this can
make obtaining a sample demand curve with high purchase probabilities at high prices
extremely rare, as it requires for the demand to be even higher at all lower prices. This
means monotonicity can effectively remove the need to learn in high noise, low reward
regions with very few data observations, showing the value of incorporating monotonicity.

This advantage, however, only applies when the optimal price is low. As we can see from
left-skewed panels in Figure 4, other algorithms are able to quickly dismiss low reward,
low price arms because the uncertainty is less for lower prices. Thus, as the optimal price
becomes higher, the advantage from the second informational becomes smaller (though it
continues to be positive across all simulations that we ran).

Robustness: We also conduct several analyses to determine the robustness of the method
developed here. First, to check whether the performance improvements can be important in
a practical case, in Appendix EC.7, we compare the algorithm performance using a demand
curve estimated from field data. We observe that the results obtained using valuations from
estimates using real data are quite comparable to the simulations, pointing to the practical

value and applicability of the method. Since the GP-based method requires continuity of

301 fact, it may be negative, as discussed in Appendix EC.10.
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the demand curve, we consider cases where the demand curve has discontinuities at known
prices (left-digit bias), and find that monotonicity can help even in such a challenging
situation (see Appendix EC.8). Finally, we observe that most bandit algorithms in the
long-run tend to converge to the optimal rewards. To understand where the proposed
bandit algorithms have a long-run or persistent advantage, we explore the case of time-
varying (seasonal) demand in Appendix EC.9. We find that even in this case, informational

externalities, especially monotonicity, can prove valuable for rewards over the long-run.

7. Conclusion and Future Research

We have proposed a method to achieve efficient and robust learning of the demand curve
using reinforcement learning informed by microeconomic principles. In particular, we have
proposed a new method that incorporates monotonicity into multi-armed bandits.

Our method is especially useful for managers who have limited time for experimenta-
tion. In particular, the benefits to our algorithm compared to baseline methods happen in
early rounds (eventually all algorithms will learn the optimal). This reduction in needed
experimentation time should make price experimentation more palatable to managers; less
experiments means the potential for monetary loss is minimized and fewer customers are
impacted. Additionally, our method allows for a greater set of prices to be tested. As a
finer grid of prices can get closer to the true optimal, this could not only increase gains
during the experiment, but also have a long-lasting profit impact if upon termination of
the experiment a particular price is chosen for the long-run.

There are several avenues to further extend the applicability of this research. First,
the method could be adapted to situations with either multiple units purchased or even
multiple products, wherein consumer choice of one product could also have an informational
externality in inferring the distribution of valuations for other related products. Second, if
experimentation of price levels and demand responses across competing firms is available,
this would be a naturally important setting. More broadly, the efficient learning of unknown
demand curves with minimal impact of experimentation remains a widely shared goal
across a number of markets, and we believe this present research contributes by closely

connecting theory to develop such algorithms.
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Electronic Companion Supplement

EC.1 Details of Benchmarks
EC.1.1 Upper Confidence Bounds

The Upper Confidence Bound (UCB) policy implementation in this paper matches that
of Misra et al. (2019), which adapts UCB-tuned from Auer (2002) to pricing by scaling
the exploration term by py. This is because the range of possible rewards differs (and is

known) at each arm, which is not generally assumed.

log(t 1
PP = argmax | Ty, + pi B in (—7 th)
prEP Nt 4
1 & 2logt
Vie=1| — 7TQT —7_7'2 +
! (nkt ; F > M Nt

EC.1.2 Thompson Sampling

(EC.1)

Thompson sampling (75) is a randomized Bayesian parametric approach. For each action,
a reward distribution is specified a priori and updated by the history of past trials. In our
setting, purchase decision is binary, which allows for the use of beta distributions (Chapelle
and Li 2011, Agrawal and Goyal 2012). Then in each round, an action is picked according
to the probability that it is optimal given the history of past trials. That is,

Prob(py|Hi—1) = Prob(E[my4|pr] > E[mg.i|prr], Yrr 7 pr|Hi—1) (EC.2)

The easiest implementation is to take a sample from each distribution each round and pick
the one that gives the highest payoff. Once a price has been chosen, and purchase decision
observed, the distribution Beta(c, ) is updated to be Beta(a + 1,0) if a purchase was
made and Beta(a, 5 + 1) if no purchase was made. The algorithm is initialized by using

Beta(1,1) as an uninformative prior.

EC.2 Performance Metrics

The most common metric in the bandit literature is regret, which is defined as the difference
between profits under full knowledge versus the expected profits from the policy in question
(Lai and Robbins 1985). Formally, the cumulative regret of policy ¥ through time t is

t
Regret(¥, P,t) =K | Y (7" —m, [V, P, H, ;) (EC.3)

=1
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where P is the set of prices being considered, 7* is the ex-post maximum expected profit
in a given round, and 7 is the profit realized when price pj is played in time period 7.
An alternative objective is to maximize the expected total reward (Gittins 1974, Cohen
and Treetanthiploet 2020). Like regret, this is also an ex-post measure, as calculating the
expected total reward requires knowledge of the true reward distribution. In comparison,
for field experiments the true rewards distribution is not known, meaning only the observed
total reward can be used as a comparison metric. Formally, in our simulations, the goal is
to pick a decision rule, ¥, that picks a sequence of prices from consideration set, P, that

maximizes the total expected profit

E (EC.4)

t
D mlP
T=1

EC.3 Overview of Gaussian Processes

This section provides an overview of Gaussian processes using general notation.?! Consider
a situation where the goal is to learn a function f at some test points X* from some
potentially noisy data D = {X,y} = {(x1,%1), .-, (Xn,yn)} where each x; € R? and each
y; € R. The output data y; gives a noisy signal of the true value of f at x;; that is,
y; = fi + € where e ~ N(0,07). For ease of exposition, we will set p(x)=0.>* A prior
probability distribution over the space of functions is set, which changes when training
data is incorporated. For example, Figure EC.1 illustrates a situation with noisy data.
As data is obtained, the space in which the true function could live becomes restricted.
Accordingly, the range of uncertainty is smaller in areas closer to data points compared to
those far away from data points (as shown by the shaded area which represents the 95%
confidence intervals at the test points).

Formally, the assumption is that f is jointly Gaussian-distributed and completely defined
by its mean, p(x), and covariance function k(x,x’) such that f ~ GP(u(x),k(x,x’). The

mean and covariance function are defined as follows (Williams and Rasmussen 2006):

plz) = E[f (x)] (EC.5)
k(x,x) = E[f(x) = u(x)) (f(x) — p(x)] (EC.6)

31 To adapt to our notation, X and X would become the price set P, and f* would become D*.

32 Tf the prior mean function is non-zero, when f ~ GP(u,k), the function f' = f — i is a zero-mean Gaussian process
f'~GP(0,k). Hence, using observations from the values of f, one can subtract the prior mean function values to get
observations of f’, and do the inference on f’. Finally, after obtaining the posterior on f’(X*), one can simply add
back the prior mean u(X™) to the posterior mean to obtain the posterior on f.
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Figure EC.1 Random Samples from Gaussian Process With and Without Training Data

Prior — No Training Data Posterior — With Training Data
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0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
Price Price

Notes. Lines represent five random draws from the GP in both the prior and the posterior. In the prior, the mean was set to
0.5. For both the prior and posterior, the RBF kernel was used with hyperparameters | = 0.2, 0'? =0.08, 0'3 =0.0016. There were
101 test points X* ={0,0.01,0.02,...,1}. The five draws from the posterior distribution are drawn from the GP with training
data X = {0.05,0.2,0.25,0.4,0.7}, and Y = {0.9,0.75,0.85,0.6,0.3}. The shaded area provides the 95% confidence interval at
each test point.

The kernel can be used to compute a covariance matrix K (X*, X*) containing the covari-
ance between all sets of test points, as well as a covariance matrix (either K(X* X) or
K(X,X")) between training and test cases. Then, the joint distribution of the training
data X and the test points X* can be written as follows (equation (2.21) in Williams and
Rasmussen (2006)):

ANy K(X,X)+02 K(X,X*)

: (EC.7)
£* K(X*,X) K(X* X"

where f* = f(X*) is a random variable denoting the Gaussian process posterior prediction.

It then follows from equations (2.22 - 2.24) in Williams and Rasmussen (2006) that

| X, y, X* ~ N(u(f*), Cov(f*)) where (EC.8)
p(f*) = K(X*, X)[K(X,X)+0,1]""y and (EC.9)
Cov(f") = K(X*, X*) - K(X*, X)[K(X,X) +0.I] " K(X, X*) (EC.10)

EC.4 Computational Issues

A computational issue that arises in fitting a posterior Gaussian process is that the matrix
inversion is O(n?), implying that it does not scale well to larger datasets. Typically, the
training data would get larger with every purchase observation, but we are able to curtail

this issue because input data points can only be observed at one of the test prices. This
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means we can estimate the GP by setting the input training data to be the set of test
prices, and the associated output training data to be the sample purchase probabilities.
That is, the noise parameter also needs to be adjusted as sample variance scales by the
number of observations; it becomes 0'12/ = {0.25/ny,...,0.25/ng, }. This approach means
that the computational complexity will not increase as the number of purchase observations
increases, but rather is dependent on the size of the initial set of test prices, P.
Additionally, one common issue when running GP algorithms is floating point precision
errors, which can lead to negative eigenvalues, violating the positive semi-definite property

of covariance matrices. We follow an approach devised by Rebonato and Jackel (2011) to

obtain the nearest covariance matrix.

EC.5 Implementation of Monotonic GP Bandits
For any continuous function f :[0,1] — R the function f(-) ~ Zj\]: o f(u;)h;(-) approximates
f by linearly interpolating between the function values at the knots w;. That is, each

point of the estimate f (+) is just the weighted linear interpolation between two knots. For
example, estimating f(z) at 3 gives F(3/8)=(1/2)f(1/4) + (1/2)f(1/2).
EC.5.1 Proof of Proposition 1

LEMMA EC.1. The distance between a continuous function D and its estimation via

basis functions Dy (p) = Z;'V:o D(p;)h;(p) converges to 0 as N — oo.

From Lemma EC.1, a continuous demand D can be estimated via basis functions as
D(p) = Z;V:OD(/Lj)hj (p). As, by assumption, the derivative of D is also continuous, then

the same formula can be used to estimate D’ as follows:
N
D'(p)~ > D'(u;)h;(p) (EC.11)
=0
Additionally, by the Fundamental Theorem of Calculus

D(p) — D(0) = /0 "Dyt (EC.12)

Substituting (EC.11) into (EC.12) gives

D(p) =~ D(0) + 3 D'(uy) /O “ntydt O (EC.13)
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EC.5.2 Gaussian Process — Estimation of Derivatives and Intercept

The basis function method requires the estimation of the intercept and the derivatives at
each of the prices in the consideration set. More formally, the goal is to estimate the poste-
rior mean and covariance for {D(0), D'(p1), ..., D'(pr) }. Temporarily ignoring the intercept,
the key is that the derivatives of a GP are also a GP. This means that D™, the posterior

vector of derivatives of D*, is

D™~ N (dp,u(D ) a Cov(D )) (EC.14)

Note as the values of D* are only at our test points P, then the derivative only needs
to be calculated with respect to P. This means that to estimate the posterior mean and
covariance for {D(0),D’'(p1),...,D'(px)}, the only necessary changes are to calculate the
derivatives of the kernel function with respect to the test points.

We compute the partial derivatives of the kernel with respect to the prices as follows:

Ok(p},p;) 07 . —(pi —py)’
(p; pj)zl—zf(pj—pi)exp (M) (EC.15)

op; 207
Ok(pi,p3) o3 i} —(pi —pt)?
J
OPk(pLps)  oF (., . . —(p; —p;)°
W = (l — (p; —pj) > exp (T) (EC.17)

EC.6 Bounds for Joint Monotonic Algorithm
Consider a setting where P = {p; <ps <--- <py} are a subset of prices that we choose as
knots. We consider a Gaussian process for which draws are C'! almost surely, and consider

the joint distribution over draws f, f'. We define the set of monotonic functions,
M{feC'([0,1]): f'(x) <0,z €[0,1]}.

Ideally we would like to restrict draws of our GP to M, but in general, since we can only
evaluate our GP at a finite set of points, we instead insist that our function is monotonic

at the set of knots,
M(P)={f(eC'0,1]: f'(p) <0,pe P}

We denote the joint prior distribution over the function and the derivative IIj =

GP([0,0], K|), where K is the appropriate kernel.
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Let p* = argmax,ep f(p) — note that since f is drawn from the underlying prior, p* is

a random variable. We define the Bayesian regret of our policy

BRy =Y E[p"f(p") —p:f(pr)]

t=1
where the expectation is over draws from the prior, reward noise, and any internal ran-
domness of the algorithm.

Throughout the following, we refer to the truncated distribution as II;, and the untrun-
cated distribution GP ([, p1y], K¢) as I, ,,. Let the induced probability laws and expecation,
with respect to the measure conditioned on the history H; = {(ps,7s)}._;, be P, E;, and
for the untruncated version, P ,,,E,;,. Critically we make the following assumption:

Assumption 1. The probability of returning a function monotonic on the knots is bounded

below, i.e., there exists ¢ > 0 such that
Pt,u(ft; ft/ e) 2 C7Vt Z 1

Remark: Note that P, ,(f/(P) > 0) is equivalent to Pp,(y > 0) for z,y ~
N([pt(P), i (P)], K). This is an integral of a multivariate Gaussian over an open set. Since
f'(P) >0 by definition of the prior, if x/(P) — f'(P), we should expect this probability to

actually increase with ¢. We discuss this further below.

THEOREM EC.1. The Bayes Regret of Joint Algorithm is bounded by

ip2 yrlog(1+05?)log (T2|A‘) +Er+1
P ! 0 V2T

17| A|
\ 2T

where Er =Y, Elu(p*) — E[fi(p*)]] and vr is the mutual information of the Gaussian

BR, <E

g\/TfyTlog(1+ag2)log( )+ET+]_

process (Srinivas et al. 2009).

Interpreting the Regret: We remark that when S = R¢, Ei[f(p*)] = pe—1(p*) so Ep is 0. And
so the final regret is of the form O(\/~rT log(T|P|). Note that this regret is independent
of the underlying constraint set.

To understand the impact of the underlying constraint set, we focus on the path-
dependent regret term Zthl p?. In general, this quantity is less than the maximum price

played times T', and is a tighter regret result compared to existing works.
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We remark that the looseness in this result is primarily due to using loose tail bounds
that do not effectively account for the constraint set. Future work could examine different
and potentially tighter bounds.

Discussion of Assumption 1 and Er. By Lemma EC.2,

e(p*) —Ee[ f(0)] < pe(p”) — Evu[f (") 1{ f € M }]
<E..[f(p") = f(p)1{f € M}]
SEu[f(p")(1—1{f € M})]
<E..[f(p")1{f & M})]

We define 0y = [f, f'] ~ I to be the true parameters drawn from the prior, then existing

results in the finite-dimensional bandit setting (Li et al. 2023, Russo 2016). We expect
Pru(1(f & M)) m ¢t minacare 1000l

In particular, if we can guarantee that ||6, — 6|7, s+ 1s bounded below (perhaps by sampling
a uniform price 1/4/t of the time), we see that the probability of not sampling a monotonic
function decreases exponentially in time. This argument in particular implies that E; should
be finite.

Proof. We begin with the following lemma linking a distribution with its truncated ver-

sion.

LEMMA EC.2. Let p(x) be a distribution on R%. Let S C R%. Define the truncated pdf
on RY, pg(x) =1{x € S}p(x)/u(S) where u(S) = [, _sp(x). Then given an event E CR?,

1
P,(H{ENS}) <Py (E) < mﬁ”p(E)
and given a function f(x):RY— R
1
Eps (f(2)) < mEp(f(x))
T he lower bound is immediate since u(S) < 1.

P, (E) = / Uz e B1{r e S)oa)/u(s)
! / y 1{z € E}1{z € S}p(x)

~u(S)
1

< (S /xeRd 1{z € E}p(x)
1

< F]P’p(E)

=

=
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The result on expectations is almost immediate.

Define Uy (p) := pr—1(p) + Bt 201_1(p) where B, = log(t>c¢~'|P|/v/27). Note that, condi-
tioned on H;, the optimal action p* and the action p; selected by posterior sampling are
identically distributed by Fact 5 (see below). In addition, U; is deterministic conditioned
on the history, so, E,[U;(p*)] = E[U:(A¢)]. Therefore,

Elp*f(p*) — pof (p)] = E[Ee[p" f () — pof (p1)]
=E[E:([p:Ue(pe) —p*Ue(p") + 0" f (") — pe f (pr)]]
=E[E:[pUt(pe) — pof (pe)] + Ee[p™ f (p*) — p"Ui(p”) ]
=E[pUi(p) — pef ()] + Elp" f(p*) — " Ui (p7)]-

Thus, we see that we can bound the Bayes-Regret as

T) < ZE[tht(pt —pef (pt)] ZE[P f(P*) —p"Us(p")] (EC.18)
(EC.19)

We now focus on the first term,

PeU(pe) — pef (D) = peUs(pe) — Detie(De) + Depe(p2) — pe f (1)
=E[pUi(pe) — pepee(pe)] + pepee(pe) — oo f ()
<puBi 2 ou(pe) + pet(pe) — pof (pe)

< ptﬂtlﬂfft(pt) + e (pe) — f(pe)

Next,

Zptﬂt ov(pe) Br Zpt Zat D) (Cauchy-Schwartz)

A standard argument (see Srinivas et al. (2009)) shows that

ZU ) T
L _log(1+a 2)

t=1

Finally, we bound the second term of EC.18

Y ER () —pUdp <ZZE1€ {f(p) = Ui(p) = 0}(f(p) — U:(p))]

t=1 peP
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<23 e M)~ V) 201 () ~ U]

ZZ Eru[1{f(p) = Ui(p) = 0}(f(p) — Ui(p))]
=1 pep ©

Now, in the untruncated distribution, E;,[f(p) — U:(p)] = 61/2 2(p), which is negative.
Thus, using standard tail bounds Russo and Van Roy (2014),

;E[p*f(p*) U (pY)] < 1; Ut(\/QTT) g2

Il o (p)
< - —— <1
~c ; t2|Plct —
The result follows from combining all the terms.

EC.7 Field Data

To further show the applicability and value of our methods when used with real world
data, we tested out the algorithms on field data. The data comes from an empirical study
of demand for a music streaming subscription service, where the distribution of WTP for a
monthly plan is estimated (Chou and Kumar 2024‘ see Figure 2 on page 15 of that paper).
from their WTP distribution, which

We normalize the data by setting the price p’ = 1000
normalizes the prices to be in [0, 1].

From this WTP distribution, we are able to run the bandit algorithms using the same
setup as in the simulations, but just by replacing the simulated WTP curve with the one
derived empirically from field data. As the optimal price is relatively low price (0.21) within
the set of prices tested, if the trend from the main results replicates, we would expect
similar trends in uplifts from the informational externalities as in the Beta(2,9) case.

We find that the results are very consistent with those obtained for Beta(2,9) in the
main simulations. The first informational externality (continuity implemented by GP) is
negative for 5 arms, but positive for 10, and highly beneficial in the case of 100 arms. The
second informational externality (implemented by specifying monotonicity) is positive for

all the sets of arms, and is very consistent in terms of the improvement it offers. Overall,

the results point to the validity and value of the method in practical applications.
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Figure EC.2  Field Data: Cumulative Percent of Optimal Rewards

i) 5 Arms ii) 10 Arms i) 100 Arms
100

% of optimal rewards
% of optimal rewards
% of optimal rewards
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0 500 1000 1500 2000 2500 0 500 1000 1500 2000 2500 0 500 1000 1500 2000 2500
# of consumers tested # of consumers tested # of consumers tested
. TS - = GP-TS —_— GP-TS-M
Algorithm
ucB - = GP-UCB GP-UCB-M

Notes. The lines are the means of the cumulative expected percentage of optimal rewards across the 1000 simulations. The
black horizontal line represents the maximum obtainable given the price set, while 100% represents the true optimal given the
underlying distribution. The true optimal price is 0.21.

EC.8 Discontinuous Demand: Left Digit Bias

We next discuss the case of the left digit bias. This is an interesting example where the
demand function is not continuous and the points of discontinuity are typically at whole
dollar values (Strulov-Shlain 2019). We model the demand by specifying discontinuities in
the demand curve at known specific points in the [0,1] continuum. Discontinuities occur
between 0.09 and 0.10, and between 0.19 and 0.20, etc.

We evaluate how the algorithms perform when faced with learning this demand curve.
The idea is that since the GP-based models rely on continuity and the idea of a continuous
demand curve, the left-digit-bias case would serve as a stress test of the performance of
the algorithms when the underlying assumptions are not satisfied. The discontinuity is
parametrized by 7, where the discontinuity increases as 7 increases. We observe that when
we have 10 arms, the left digit discontinuity does not pose a substantial problem for the
algorithm, because there is sufficient distance between the arms, relative to the degree of

discontinuity.
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Figure EC.3  Left Digit: Cumulative Percent of Optimal Rewards
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Notes. The lines are the means of the cumulative expected percentage of optimal rewards across the 1000 simulations. The
black horizontal line represents the maximum obtainable given the price set, while 100% represents the true optimal given the
underlying distribution. v is a measure of the size of the discontinuity spike that occurs at locations where the left-digit changes.
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However, when we have 100 arms, we observe that the performance is negatively
impacted, as seen in subfigure d)i) of Figure EC.3. Here, the cumulative percent of the
optimal rewards curve flattens out well before the true optimal. The reason the algorithm
obtains poor performance in this case is that it can get stuck choosing prices in a more
stable area of decent reward returns, missing out on the true optimal, 0.39, which is fol-
lowed by a precipitous drop at 0.40. However, because of the requirement of continuity, it
causes the algorithm to mis-estimate the rewards at the optimal.

Nevertheless, after 2500 consumers, even with 100 arms and a high value of v, GP-TS-M
still greatly outperforms TS since the loss from the mis-estimate is less than the cost of
having to learn each arm independently. As TS is not affected by continuity, with enough
consumers it will eventually surpass the performance of GP-TS-M; however, it is unlikely
any experiment would last this long in practice. In general, if it is suspected that there is
a large left-digit discontinuity, we recommend using fewer arms, but at the discontinuities
themselves®® as there will be no mis-estimate issues, and large discontinuities tend to lead

to the optimal price being one of those prices.

EC.9 Time Varying Demand

We now consider the case where there are demand changes depending on the season (Soysal
and Krishnamurthi 2012). We model the demand curve as undergoing a shift after every
X customers.?* We denote the magnitude of the shift in the WTP distribution by §, which
results in a changed demand curve (shifted horizontally).

We explore the performance of the algorithms proposed in the paper, GP-TS and GP-
TS-M, as well as their variants (GP-TS (Reset) and GP-TS-M (Reset)), which reset the
learning process after every X consumers (seasonality cycle). The reset algorithm thus
forgets all its history after every X periods, coinciding with shifts in the demand curve.

We observe that there are two separate effects that determine the effectiveness of the
reset algorithm relative to the baseline ones. First, resetting is costly in terms of learning
because the algorithm needs to re-learn the demand from the beginning (prior distribution).
Second, on the flip side, resetting allows for more accurate learning when the underlying
demand has changed. Thus, when ¢ is higher and the demand curve shifts are larger, it

33 For example, a retailer may try 1.99, 2.99, etc.

34 The model can be extended to having a distribution for the number of customers served, after which it undergoes
a shift.
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Figure EC.4  Time Varying: Cumulative Percent of Optimal Rewards (10 arms)
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Notes. The lines are the means of the cumulative expected percentage of optimal rewards across the 1000 simulations. The
black horizontal line represents the maximum obtainable given the price set, while 100% represents the true optimal given the
underlying distribution. § controls the size of the demand shock with a new time period starting every 500 consumers.



ecl4 e-companion to Weaver, Kumar & Jain: Nonparametric Bandits Leveraging Informational Externalities

might be advantageous to reset, relative to GP-TS and GP-TS-M. The question of absolute
and relative performance of the two sets of algorithms (with and without reset) depends
on the interplay of the above effects.

The results from the case with time varying demand are detailed in Figure EC.4. The
previously explained baseline algorithms without reset are illustrated using dotted lines,
whereas the new reset algorithms are illustrated by solid lines. When there is no underlying
shift in the demand curve (6 =0), then it is obvious that resetting would always be worse
in terms of performance, which is confirmed in the top row of panels. We observe that
resetting can provide higher performance as the underlying shift increases to § = 0.1 and
9 =0.2. We also see that the rank ordering of the algorithms within the reset (or non-
reset) category is stable, and does not change with either the valuation distribution or the
number of arms.

Observe that the left-skewed Beta(9, 2) distribution is relatively easy to learn the opti-
mal, as the optimal price is high. In this case, we find that resetting does not result in a
large cost, and the algorithm with resetting can do better for every algorithm with enough
of an underlying shift (§ =0.2).

However, when the learning problem is relatively more challenging, with the Beta(2,9)
or right-skewed distribution, we observe that resetting can result in a very high cost. In
particular, resetting with TS and GP-T'S performs quite poorly compared to no reset even
with high time varying shifts (§ = 0.2). However, if the learning process is quick enough
(GP-TS-M), the value of resetting and learning the true optimal can be greater than the
cost of re-learning. Thus, the value of adding informational externalities (especially the

monotonicity constraint) results in a persistent advantage.

EC.10 Heteroscedastic Noise

One reason that GP-based algorithms can perform poorly is that the uncertainty (noise)
parameter is set to be homoscedastic when the true underlying noise is actually het-
eroscedastic. For example, the sample mean at a price where nearly every single customer
purchases (or does not purchase) will be much less noisy than a price where customers
are equally likely to purchase and not purchase. For UCB and TS, heteroscedastic noise
is not much of a problem, as they learn each arm independently. However, GP-TS shares
information across arms, and while this is beneficial (especially with a large number of

nearby arms), this also means that the noise is shared across arms, which is particularly
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problematic when the noise is modeled to be homoscedastic. This explains why we observe
in Table 5, in the case of five arms, that GP-TS performed worse than TS. When there is
little to gain from sharing across arms (few arms that are far apart), the gain from sharing
across arms is less than the negative caused by the misspecification of using homoscedastic
noise. This appendix provides an alternative method of tuning the noise parameters, which
allows for heteroscedasticity. Empirically, this change is a complement to monotonicity and
led to a small increase in algorithmic performance in every simulation setting tested.

While there are approaches to estimate a GP with heteroscedastic noise (Goldberg et al.
1997, Kersting et al. 2007), it succumbs to the same issue as estimating the noise using
MLE as our homoscedastic specification. That is, it can be difficult to identify the shape
and noise hyperparameters (Murray 2008), which is quite problematic for bandits where
an insufficient noise estimate can lead to the algorithm getting stuck on sub-optimal arms.

Another approach would be to model the error by specifying some underlying structural
process. In our case, the noise of the data can be modeled depending on how likely a
customer is to purchase. In general, we can write o> = g(D(p)) for some unknown function
g. However, noise depends on the underlying distribution which is completely unknown,
making it unlikely that any suitable candidates for g(-) exist.

Implementation: Our estimation process for heteroscedastic noise works as follows. The
first step is to estimate the GP using homoscedastic noise, which produces the results
usually obtained. However, now we take a demand draw from this GP, which allows for
the noise estimate to be calculated as the purchase decision is Bernoulli. A noise estimate
can be calculated from the demand draw for each p in the test set as D(p)(1 — D(p)).
Another GP is then derived using this estimation as the noise input (tuning the shape
hyperparameters per usual). We call the implementation GP-TS-H, reflecting the flexible
heteroscedastic specification. This implementation can easily be merged with GP-TS-M by
using monotonic draws to create GP-TS-M-H. Importantly, this method provides a way to
provide better estimates of the noise without the algorithm getting stuck underestimating
for a particular price.

The results are presented in Figure EC.5. They show that including heterogeneity on
top of monotonicity leads to a small increase across all simulations. Like for the other
informational externalities, the effects are the largest for the Beta(2,9) case. This is because
smaller noise hyperparameters at low reward, high prices synergize with monotonicity in

reducing the space of potential demand curve samples.
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Figure EC.5 Heteroscedasticity: Cumulative Percent of Optimal Rewards
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Notes. The lines are the means of the cumulative expected percentage of optimal rewards across the 1000 simulations. The
black horizontal line represents the maximum obtainable given the price set, while 100% represents the true optimal given the
underlying distribution.
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